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Substructural Logics

Logics that limit how we are allowed to use
our hypotheses.



Substructural Logics

Logics that limit which structural rules are
present, or how they are used.



Substructural Logics

The strucrural rules:

I',I, -5 I'',A,A, 1, B

weak

LAl F B r,AT,+B
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Substructural Logics

Intuitionistic logic: Linear logic:

— Weakening —>\M\kening

— Contraction —>Con“ction
Affine logic: Relevant logic:
—Weakening —>\Mmkening
—>Con“ction —Contraction



Substructural Logics

Is there a framework that can be instantiated to the various
substructural logics?



Linear/Non-Linear (LNL) Logic

Lin
O |—j X \ O; I I_SZ A
| | S linear logic
- ' -
non-linear logic | !A =LinMnyA (mixed)
\
Mny

—» Weakening

Structural Rules Contraction

A Mixed Linear and Non-Linear Logic: Proofs, Terms and Models
Nick Benton
https://www.cl.cam.ac.uk/techreports/UCAM-CL-TR-352.html
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Linear/Affine Logic

dr, X

linear logic

non-linear logic .
9 (mixed)

—» Weakening
Structural Rules



Linear/Relevant Logic

dr, X

linear logic

non-linear logic .
9 (mixed)

Structural Rules Contraction



Combining Structural Rules
F, F,

relevant
logic

linear logic

affine logic (mixed)

G, G,

—» Weakening

—> Contraction

Comparing hierarchies of types in models of linear logic
Paul-André Melliés
http://dx.doi.org/10.1016/}.ic.2003.10.003
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Families of Modalities through Adjunctions

—
N

® & 0 linear logic
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Adjoint Logic

Modes: (/, >)
Structural Properties: o : /4 —» ({W,C,E})
Judgments: A, ... A, B, withm >k
Modalities : 17" A;, with m > k

Ik A, with k> m

Adjoint Logic
Pruiksma et al.
https://www.cs.cmu.edu/~fp/papers/adjoint18b.pdf
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Adjoint Logic

Modes control which structural rules are present.

I HA,
Weom) 1,,1I,FB I'hy>m>k TI',A I3+ B,
weak cut
r,A ., +F B, I,A T+ B,
I'".A A .I,+HB
Ce G(Wl) >“Y*mo“ mo + 2 k cont

I'',A,,I, — B,

Adjoint Logic
Pruiksma et al.
https://www.cs.cmu.edu/~fp/papers/adjoint18b.pdf
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Graded Linear Logic

Grades: (£, m,®,a, D, <)
Judgments: 7 OA,....1,0OA, B

Modalities : A

r
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Graded Linear Logic
(A, m,®.,a, D, <)

P

(riv...r)O A, ....,A) B

0
rr©A,....r A B
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Graded Linear Logic

Grades control how structural rules used.

Ol FA
(}’19 }’2) O, (Fprz) - B (7’1, r, 7’3) O, (F19A9F3) - B
weak cut
(r,a,7n)0d,A Iy B Y, r® 10 73) O, 1,15 B

(}/]9 rla 7‘2, }/2) @ (Fl, A, A, Fz) |_ B
(}’19 (7”1 S, 7”2), 7’2) © (FpA, Fz) =B

cont
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Graded Adjoint Logic

Brings these two similar, but different ideas together.
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But, first, let's go back to the beginning....

138



Comonads from Adjunctions

Comonad: (m, 0", ™)

What's the category of coalgebras?
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Comonads from Adjunctions

Comonad: (m,o", &™)

Q1.What's the category of coalgebras?

What're the free coalgebras?

20



Comonads from Adjunctions

Comonad: (m,6", &™)
Q1.What's the category of coalgebras?
Q1.2 What're the free coalgebras?

A1.2 Pairs (mA, 5"A) where 6™ : mA — m?’A

21



Comonads from Adjunctions

Comonad: (m,6", &™)
Q1.What's the category of coalgebras?
Q1.2 What're the free coalgebras?

A1.2 Pairs (mA, 5"A) where 6™ : mA — m?’A

Let's abstract these!
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Comonads from Adjunctions

Comonad: (m,6", &™)
Q1: What's the category of coalgebras?
Q1.2: What're the free coalgebras?

A1.2: Pairs (mA, 5"A) where 6™ : mA — m*A
A1: Pairs (A, h,) where h, : A - mA

23



Comonads from Adjunctions

Comonad: (m,6", &™)
Q1: What's the category of coalgebras?
Q1.2: What're the free coalgebras?

A1.2: Pairs (mA, 5"A) where 6™ : mA — m*A
A1: Pairs (A, h,) where h, : A - mA

Why is this important?

24



Comonads from Adjunctions

Comonad: (m,6", &™)
Q1: What's the category of coalgebras?
Q1.2: What're the free coalgebras?

A1.2: Pairs (mA, 5"A) where 6™ : mA — m*A
A1: Pairs (A, h,) where h, : A - mA

The category of coalgebras is endowed with
the structure of the comonad!

25



Comonads from Adjunctions

The category of coalgebras is endowed with
the structure of the comonad!

(m, 5™, ™ = (1,68, &)

The category of coalgebras iIs cartesian!

20



Comonads from Adjunctions

The category of coalgebras is related to the
original category through an adjunction!

(m, 8™, &™) = (1,8, ¢)

|

Forget

Category of | 4 — ForgetFree 4
Coalgebras

Free

27



LNL Models

Benton abstracted the
category of coalgebras!

(m, 6™, ™ = (1,6, ¢")

|

Lin

A =LinMnyA

Mny
28



What's the story for
Graded Necessity Modalities?
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, .,

5r1,r2 : Drl@)rzA — Dr1 DFQA
£ . I:Imia,’A — A

, €) where

30



Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O r, - Ll @r, A = A

Fi1,1 r r

e: ;A=A

Q1: What's the category of
graded coalgebras?
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O r, - Ll @r, A = A

Fi1,1 r r

e: ;A=A

Q1: What's the category of graded coalgebras?

Q1.2: What are the free graded coalgebras?
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Graded Comonads from Adjunctions

Graded Comonad: ([ ],
S A—> A

r,h * HHr®r, r r,

e: ;A=A

Oy r» €) Where

Q1: What's the category of graded coalgebras?
Q1.2: What are the free graded coalgebras?

Pairs ([],A, 0, (/A) where
0:[1eA— L] LA
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
) A— A

r,h * HHr®r, r r,

e: ;A=A

Q1: What's the category of graded coalgebras?
Q1.2: What are the free graded coalgebras?

Pairs ([],A, 0, (/A) where
o:[le-A—-L]LIA
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O r, - Ll @r, A = A

Fi1,1 r r

e: ;A=A

Q1: What's the category of graded coalgebras?
Q1.2: What are the free graded coalgebras?

Pairs ([],A, 0, _A) where
o:[le-A—-L]LIA

Let's abstract these!
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
) A— A

r,h * HHr®r, r r,

e: ;A=A

Q1: What's the category of graded coalgebras?
Q1.2: What are the free graded coalgebras?

Pairs ([],A, 0, _A) where
0:[]e_-A— A

M

Az[I_A:Q%—n%

30



Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
57’1,1"2 : 7"1@}"2A — " I"ZA
e: ;A=A

Q1: What's the category of graded coalgebras?
Q1.2: What are the free graded coalgebras?

Pairs (A, o0_,) where
O : A(r ®s) — |:|,,A(s)

A= AR > M
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
57’1,1"2 : 7"1@}"2A — " I"ZA
e: ;A=A

Q1: What's the category of graded coalgebras?
Q1.2: What are the free graded coalgebras?

Pairs (A, /1) where

ArF =M h.,  A(r®@s) — [, A(s)

33



Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O r, - Ll @r, A = A

7’1,1"2

r r

Forget

Category of
Graded
Coalgebras

? = ForgetFree A

Free

Forget(A, h) = A(mid)
Free(A) = (4s. [ A, 0)
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Graded Comonads from Adjunctions

Graded Comonad: ([ ],
S A—> A

r,h * HHr®r, r r,

e: ;A=A

Oy r» €) Where

Forget

Category of
Graded
Coalgebras

? = ForgetFree A

Forget(A, h) = A(mid)
Free(A) = (Ar.[, A, 9)

Free

Forget(Free A) = Forget(Ar.[1.A,0) =[1,4A
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O r, - Ll @r, A = A

Fi:12 r I
Forget(A, h) = A(mid)

Free(A) = (Ar.[, A, 9)

Forget

Category of
Graded
Coalgebras

? = ForgetFree A

Free

Forget(Free A) = Forget(Ar.[1.A,0) =[1],44

All I1s not lost!
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Graded Comonads from Adjunctions

Graded Comonad: (

)

Oy r» €) Where

57’1,1"2 : I’1®r2A — " 1"2A Forget

€ LnaA —A Category of

Forget(A, h) = A(mid) Graded ? = ForgetFree A
Coalgebras

Free(A) = (Ar.[, A, 9)

Free

We have a graded action:

roA,h) =MUs . A(r® s),As . h, ,g,) - AX M= — M
where
h. s - Ar@®@ (r®s)) —» 1, A(r ® s)
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Graded Comonads from Adjunctions

Graded Comonad: ([ ],
S A—> A

r,h * HHr®r, r r,

e: ;A=A

Oy r» €) Where

Forget

Category of
Graded
Coalgebras

? = ForgetFree A

Forget(A, h) = A(mid)
Free(A) = (Ar.[, A, 9)

Free

Forget(r © Free A) = Forget(r © (4s.[] A, 0))
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O

A— A

r,h * HHr®r, r r,

e: ;A=A

Forget

Category of
Graded
Coalgebras

? = ForgetFree A

Forget(A, h) = A(mid)
Free(A) = (Ar.[, A, 9)

Forget(r © FreeA) = Forget(r © (As.[]. A, d))
= Forget(4s.[],g; A, 45 .0, ,¢;)
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O

A— A

r,h * HHr®r, r r,

e: ;A=A

Forget

Category of
Graded
Coalgebras

? = ForgetFree A

Forget(A, h) = A(mid)
Free(A) = (Ar.[, A, 9)

Forget(r © FreeA) = Forget(r © (As.[]. A, d))
= Forget(4s.[],g; A, 45 .0, ,¢;)

— ré@mid A

45



Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
O r, - Ll @r, A = A

7’1,1"2 rl 7'2
Forget(A, h) = A(mid)

Free(A) = (Ar.[, A, 9)

Forget

Category of
Graded
Coalgebras

? = ForgetFree A

Free

Forget(r © Free A) = Forget(r © (4s.[] A, 0))

— FOrget(ﬂS . j?‘@S A9 AVS . 5r,r®s)

— ré@mid A
= A

—
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
: A Double Category Theoretic Analysis of Grac
5r Iy * r®r A — r r A .
bbr2 =72 b2 Shin-ya Katsumata
e: ;A=A

Forget

Category of
Graded
Coalgebras

[, = Forget(r © Free A)

Free

Forget(A, h) = A(mid)
Free(A) = (As.[], A, o)

roA,h) =MUs . A(r® s),As . h, g, - AX M= — M
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Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
57’1,1"2 : 7"1@}"2A — " I"ZA
e: ;A=A
Forget

Category of
Graded
Coalgebras

[, = Forget(r © Free A)

Free

A Double Category Theoretic Analysis of Graded Linear Exponential Comonads
Shin-ya Katsumata
https://link.springer.com/chapter/10.1007/978-3-319-89366-2 6
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https://link.springer.com/chapter/10.1007/978-3-319-89366-2_6

Graded Comonads from Adjunctions

Graded Comonad: ([],, 9, ,.,€) where
57’1,1"2 : 7"1@}"2A — " I"ZA
e: ;A=A

Forget

Category of
Graded
Coalgebras

[, = Forget(r © Free A)

Free

What about abstracting this in the
style of Benton?
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Mixed Graded/Linear Logic

Lin

Grade-Indexed

) [, = Lin(r © Grd A)
Multicategory

Grd

rOA=Ag : AXE -
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Mixed Graded/Linear Logic

Lin

Grade-Indexed

) [, = Lin(r © Grd A)
Multicategory

o



Grade Indexed Multicategory

Suppose .7 is a SMC and
(£, mid, ® , <) is a preordered monoid.

Objects: pairs A . for A € Obj(A),r € X

Morphisms:
: 1
f: (A,,l, ...,AZ) — B,

Identity:
id: (A,) > A,
Acting:
act, : Hom(A}, ...,A!"; B,)) » Hom(Ag, . ....Als, : B.g,)

52



Graded Multicategory

Suppose .7 is a SMC and
(£, mid, ® , <) is a preordered monoid.

Objects: A for A € Oby()
Morphisms:

f: (A,,ll, ...,AZ) — B
Identity:

id : <A > _>Amid

mid

53



Graded Multicategory

Composition:
Given:

XML X My > Y
fis (X3 XMy

for 2 (X Xy — Y
g: (Ysll, ...,Y;Z) — 7

11 1n 1
8(fis e oofi) + Kionyo oo Xy >+ X, o -

54
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Y > 7



Mixed Graded/Linear Logic

Lin,

Graded

) [, = Lin(r © Grd A)
Multicategory

Grd

rOA=Ag : AXE -

o5



Graded Logic

(@1, ) © (D, Dy) Fe ¥
(¢19 d, ¢2) O, ((I)19X’ (I)Z) I_? Y

weak

D, OD, e X (P, 103) O, X, D3) e ¥
(P17 ® Py, P3) O (P, Dy, D3) ¢ ¥

cut

(¢19 Fi, I, Cbz) © ((DpX, X, CI)2) |_<§ Y
(¢1, (”1 D ’”2), ¢2) © ((DpX, (DQ) |_<‘§ Y

cont
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Mixed Graded/Linear Logic

(g, noOAX:I'F,C
¢ © A; (Lin,X,T)F , C

LinL

HOAFy X
r®¢)OA; @+ ,LinX

LinR

or



Graded Adjoint Logic

Adjoint Logic:
Modes control which structural rules you have.

Grades Types:
Grades control how you use structural rules.

But, what's a mode anyway?
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Graded Adjoint Logic

Adjoint Logic:
Modes control which structural rules you have.

Grades Types:
Grades control how you use structural rules.

Modes! Modes! | think you mean,
graded modes!
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Graded Adjoint Logic : Partiality

Semiring: (£, m,® ,a, d, <, Weak, Cont, Comp)
where Weak C A
ContC BAXAXA
CompCABXAXA

Judgments: g O O -, X
POl A

Modalities: Lin, X
Grd A

60



Graded Adjoint Logic : Partiality

r e Weak (@1,9,) O (D, D)) Fe Y
(1,2, O (D, X, D)) Fe ¥

weak

(1"1 @ 72) c Cont (¢19 rla }"2, ¢2) @ ((I)laxa Xa (I)Z) I_? Y
(¢19 (’”1 D ’”2), sz) © ((Dl,X, (Dz) |_<§ Y

cont
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Graded Adjoint Logic : Partiality

({l,w,c},, ®.,w, D)

2
O
O

r1 | |1 {w]|c]|l

r wi|c| | ||
ri@ry | x | x| % | % [ x| x | C| % | %

2
O
O
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Graded Adjoint Logic

Graded modes are partial semirings.
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Graded Adjoint Logic

Graded modes are partial semirings.

How do we get more than one mode?

How do we relate them through adjunctions?

64



Graded Adjoint Logic

Given
(£, m, @y .8, Dy, <, Weaky, Conty, Comp, )

(£, My, @, ,a,, D, , <, , Weaky, Conty, Comp,,)

and
g R - R,
h:%y—> R where g(r) <, < r < h(n)
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Graded Adjoint Logic

Given
(£, m, @y .8, Dy, <, Weaky, Conty, Comp, )

(£, My, @, ,a,, D, , <, , Weaky, Conty, Comp,,)

and
g R - R,
h:%y—> R where g(r) <, < r < h(n)

These imply an ordering on modes!

60



Families of Modalities through Adjunctions

—
N

® & 0 linear logic

o/



Graded Adjoint Logic

Given
(£, m, @y .8, Dy, <, Weaky, Conty, Comp, )

(£, My, @, ,a,, D, , <, , Weaky, Conty, Comp,,)

and
g R - R,
h:%y—> R where g(r) <, < r < h(n)

K12 Ry={& M) | R, :gAh:R,}

68



Graded Adjoint Logic

({Wa |}9 |9 ®1 > W, 691 ’ {W S1 |}9 {W}a @, {W, I})

({C’ W, I}’ I’ ®2 s W 692 ’ {W S1 I’C SZ |}9 {W}a {C}a {Ca W, I})

g:{c,w, |} = {w,l} h:{iw,l} - {c,w,I}
gw) =w h(w) =w

g(l)=1 h(l) =1

glc) =1

o)l = c5Hnl) &= (15 &= c50)
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Graded Adjoint Logic

Suppose:
A is a SMC

(£, m, ®; .2, D, <y, Weaky, Conty, Comp, )
(R, My, B, .3y, B, , <, , Weak,, Conty, Comp,))

K12 Fy={@ N | R 1 gAh: R}

Then:
Gr(R#,, /). G-H:Gr(R,, H)

70



Graded Adjoint Logic

Id
(md,,:mOAF A

/1



Graded Adjoint Logic

(P17 :my,rimy, ) ©(A,A,B, Ay =, C
(¢19 r . m19 ¢2) @ (AlaA ® Ba Az) |_m2 C

TenL

(2



Graded Adjoint Logic

Py 2 m
PO Ay A (Prrimy, ) O(ALA Ay, C

(@1, 7 @, D2, P3) O (A1, 49,A3) F,, C

Cut

/3



Graded Adjoint Logic

m, > ny pOAF, A
¢®A"m2TZfA

Up

- ®,. 0  pOAF, A
r®¢)OAF, l’"2A

Down
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Take aways!

» Adjoint Logic : which structural rules can be used.

- Graded Logic : how structural rules can be used.

- Graded Adjoint Logic : Combining the best of both worlds.

- Granule Project : https://granule-project.github.io/

* Find me:

 @Qheades on Twitter

* metatheorem.org
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https://granule-project.github.io/

